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ABSTRACT
Context. Time and spatial damping of transverse magnetohydrodynamic (MHD) kink oscillations is a source of information on the
cross-field variation of the plasma density in coronal waveguides.
Aims. We show that a probabilistic approach to the problem of determining the density structuring from the observed damping of
transverse oscillations enables us to obtain information on the two parameters that characterise the cross-field density profile.
Methods. The inference is performed by computing the marginal posterior distributions for density contrast and transverse inhomo-
geneity length-scale using Bayesian analysis and damping ratios for transverse oscillations under the assumption that damping is
produced by resonant absorption.
Results. The obtained distributions show that, for damping times of a few oscillatory periods, low density contrasts and short inho-
mogeneity length scales are more plausible in explaining observations.
Conclusions. This means that valuable information on the cross-field density profile can be obtained even if the inversion problem,
with two unknowns and one observable, is a mathematically ill-posed problem.
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1. Introduction
Transverse magnetohydrodynamic (MHD) kink oscillations
have been reported in numerous observations of solar coronal
magnetic and plasma structures. First revealed in coronal loop
observations using the Transition Region and Coronal Explorer
(TRACE) by Aschwanden et al. (1999) and Nakariakov et al.
(1999), they also seem to be an important part of the dynamics
of chromospheric spicules and mottles (De Pontieu et al. 2007;
Kuridze et al. 2013); soft X-ray coronal jets (Cirtain et al. 2007);
or prominence fine structures (Okamoto et al. 2007; Lin et al.
2009). Their presence over extended regions of the solar corona
(Tomczyk et al. 2007) may have implications on the role of
waves in coronal heating. Observations with instruments such
as AIA/SDO, CoMP, and Hi-C by e.g., Morton & McLaughlin
(2013) and Threlfall et al. (2013) have allowed us to analyse
transverse oscillations with unprecedented detail.
The potential use of transverse oscillations as a diag-
nostic tool to infer otherwise difficult to measure coronal
magnetic and plasma properties was first demonstrated by
Nakariakov & Ofman (2001), by interpreting them as MHD kink
modes of magnetic flux tubes. Since then, a number of studies
have used seismology diagnostic tools that make use of oscilla-
tion properties, such as periods and damping times, to obtain in-
formation on the magnetic field and plasma density structuring
(see e.g., Andries et al. 2005; Arregui et al. 2007; Verth et al.
2008, 2011). An overview of recent seismology applications
can be found in Arregui (2012) and De Moortel & Nakariakov
(2012). The increase in the number of observed events has lately
enabled the application of statistical techniques to seismology
diagnostics (Verwichte et al. 2013; Asensio Ramos & Arregui
2013).
Some of these studies are concerned with the determination
of the cross-field density structuring in waveguides supporting
MHD oscillations. Goossens et al. (2002) were the first to note
that measurements of the damping rate of coronal loop oscil-
lations together with the assumption of resonant absorption as
the damping mechanism could be used to obtain estimates for
the transverse inhomogeneity length scale. By assuming a value
for the ratio of the plasma density between the interior of the
loop and the corona, they computed the inhomogeneity length
scale for a set of 11 loop oscillation events. Verwichte et al.
(2006) analysed how information on the density profile across
arcade-shaped models can be obtained from the oscillation prop-
erties of vertically polarised transverse waves. When no assump-
tion is made on the density contrast, Arregui et al. (2007) and
Goossens et al. (2008) showed that an infinite number of equally
valid equilibrium models is able to reproduce observed damping
rates, although they must follow a particular one-dimensional
curve in the two-dimensional parameter space of unknowns.
More recently, Arregui & Asensio Ramos (2011) have shown
how information on density contrast from observations can be
used as prior information in order to fully constrain the trans-
verse density structuring of coronal loops. Arregui et al. (2013)
have shown that the existence of two regimes in the damping
time/spatial scales would enable the constraint of both the den-
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sity contrast and its transverse inhomogeneity length scale. The
feasibility of such a measurement has yet to be confirmed by
observations.
We present the Bayesian solution to the problem, that makes
use of the computation of marginal posteriors, and show that
valuable information on the cross-field density profile can be ob-
tained even if the inversion problem, with two unknowns and one
observable, is a mathematically ill-posed problem.
2. Conditional probability and marginal posteriors
Consider the determination of a set of parameters θ related to
a theoretical model, M, that are compared to observed data,
d. Bayes rule for conditional probability (Bayes & Price 1763)
states that the probability of θ taking on given values, condi-
tional on the observed data, the posterior probability p(θ|d), is a
combination of how well the data are reproduced by the model
parameters, the likelihood function p(d|θ), and the probability of
the parameters independently of the data, the prior distribution
p(θ). These quantities are related as follows
p(θ|d, M) = p(d|θ, M)p(θ, M)∫
p(d|θ, M)p(θ, M)dθ , (1)
and we have made explicit that all quantities are conditional on
the assumed model M. The denominator is the so-called evi-
dence, an integral of the likelihood over the prior distribution
that normalises the likelihood and turns it into a probability. The
prior and likelihood represent probabilities that are directly as-
signed, whilst the posterior is computed. Probability in this con-
text means the grade of belief on a statement about the value a
parameter can take on, conditional on observed data. The result-
ing posterior is a distribution that quantifies this grade of belief.
Once the full posterior is known, the so-called marginal pos-
terior enables us to calculate how a particular parameter of in-
terest, θi, is constrained by observations, by just performing an
integral of the posterior over the rest of the model parameters
p(θi|d) =
∫
p(θ|d)dθ1 . . . dθi−1dθi+1 . . . dθN . (2)
This quantity encodes all information for model parameter θi
available in the priors and the data and correctly propagates un-
certainty in the rest of the parameters to the one of interest.
Consider an observable quantity, c, which, according to some
theoretical model with parameters a and b is predicted to be re-
lated to them by a given forward model, cmodel = f (a, b), indicat-
ing that c is a function of a and b. A given value of c can be ob-
tained from different combinations of a and b. The observational
measurement of c provides us with many equally valid combi-
nations of a and b that give the observed c. In a real application,
measurements are corrupted by noise, which makes necessary a
probabilistic approach to the inversion problem.
In our analysis, we consider that observations are corrupted
with Gaussian noise and that they are statistically independent.
Then, the observed values of c and the theoretical predictions
can be compared by adopting a Gaussian likelihood of the form
p(c|a, b) = 1√
2piσc
exp
{
− [c − cmodel(a, b)]
2
2σ2c
}
, (3)
with σc the uncertainty associated to the measured c. We also as-
sume uniform prior distributions for a and b over given ranges,
Fig. 1. Surface plot of the joint probability p(a, b|c) of parameters a
and b for a given observation of c according to the forward model
cmodel = a · b and assuming a Gaussian likelihood (Eq. [3]). Conditional
probabilities for selected values of parameters are indicated by arrows.
Marginal posteriors are projected onto the two vertical planes.
that are irrelevant to our current discussion. The actual capabil-
ity of the model to reproduce the observation can be evaluated
by computing the joint probability of a and b, conditional on c.
Figure 1 displays this two-dimensional distribution, in the case
the forward model is simply the product of a and b. This forward
model is chosen here for simplicity. Any other choice is equally
valid to describe our approach. At each position, the magnitude
of the joint probability p(a, b|c) inform us on the ability of that
particular combination of parameters to reproduce a particular
value for the observed c.
A cut on this surface along the direction of the parameter b, at
a particular value of the parameter a, is the probability of b con-
ditional on a and the observation c, p(b|a, c). A cut for another
value for a will results in a different probability distribution for
b. The full probability of b, conditional only on data is the in-
tegral over all possible values for a, i.e., the marginal posterior
p(b|c). Correspondingly, a cut along the direction of the parame-
ter a, at a particular value of the parameter b, is the probability of
a, conditional on b and c, p(a|b, c). The full probability of a, con-
ditional on data is the integral over all possible values for b, i.e.,
the marginal posterior p(a|c). The two marginal posteriors for a
and b are shown on the vertical planes in Figure 1. They indicate
that even if the observed c can be reproduced by many combina-
tions (product of values) of a and b, some parameter values are
more plausible than others. The particular result will depend on
the forward model, which determines the shape of the joint dis-
tribution, the data value with its associated uncertainty, and the
range over which parameters are allowed to vary (the priors).
3. The probability of a damping ratio
As an application of the procedure outlined above, we consider
the damping of transverse MHD kink waves by resonant absorp-
tion in one-dimensional density tube models for coronal waveg-
uides. The classic analysis in the thin tube and thin boundary ap-
proximations (Goossens et al. 1992; Ruderman & Roberts 2002)
leads to the following expression for the damping ratio
rmodel =
τd
P
=
2
pi
(R
l
) (
ζ + 1
ζ − 1
)
, (4)
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with P and τd the period and damping time of the oscillation,
ζ = ρi/ρe the density contrast, and l/R the transverse inhomo-
geneity length scale in units of the tube radius R. The factor 2/pi
arises from the assumed sinusoidal variation of the density pro-
file at the tube boundary. The impact of alternative density pro-
files on seismology estimates is discussed in Soler et al. (2014).
A similar expression is valid for propagating kink waves upon
replacement of the damping time τd by the damping length Ld
and of the oscillation period P by the longitudinal wavenumber
kz, as shown by Terradas et al. (2010).
In our particular application, the two unknown parameters
θ=(ζ, l/R) will be inferred using the damping ratio as an observ-
able, d = r, assuming the resonant damping model, M, as the
explanation for the decay of the oscillations. We proceed as in
Section 2 and assign direct probabilities for the likelihood func-
tion and the prior distribution. We adopt a Gaussian likelihood
function that relates the observed damping ratio, r, and the pre-
dictions of the model, rmodel, given by Equation (4), so that
p(r|ζ, l/R) = 1√
2piσ
exp
−
[
r − rmodel(ζ, l/R)]2
2σ2
 , (5)
with σ the uncertainty associated to the measured damping ra-
tio. We also adopt uniform prior distributions for both unknowns
over given ranges, so that all the values inside those ranges are
equally probable a priori, so we consider
p(θi) = 1
θmaxi − θmini
for θmini ≤ θi ≤ θmaxi , (6)
and zero otherwise. Application of Bayes rule (Equation [1])
provides us with the full posterior, p(θ|d), from which the
marginal posteriors are obtained through marginalisation,
p(ζ |r) =
∫
p(ζ, l/R|r) d(l/R),
p(l/R|r) =
∫
p(ζ, l/R|r) dζ.
(7)
Figure 2 shows an example inversion result. The inversion
suggests that low density contrast values are preferred over large
contrast ones. However, the posterior for density contrast dis-
plays a long tail, which means that this parameter can only
be constrained with a large uncertainty. A more constrained
marginal posterior is obtained for the transverse inhomogene-
ity length scale, which points to short values of l/R to be more
plausible than models with a fully non-uniform layer. The joint
two-dimensional distribution shows the combined posterior dis-
tribution for both parameters with the 68% and 95% credible
regions.
Inferences depend on the assumed prior ranges, since the in-
tegrals run over the assumed parameter ranges. The values for
ζmin and (l/R)min were chosen so that they are slightly above the
minimum values permitted by the theoretical model. Figure 3a
shows that varying the upper limit of the transverse inhomo-
geneity length scale in its prior distribution does not affect much
the determination of density contrast. Alternatively, varying the
upper limit of the considered density contrast in its prior distri-
bution results in marginal posteriors for l/R that shift towards
shorter transverse inhomogeneity length scales being more plau-
sible (Figure 3b).
Observed damping ratios in e.g., coronal loop oscillations are
roughly in between 1 and 5. We have performed the inference
Fig. 2. (a) and (b) Marginal posteriors for ζ and l/R for an inversion with
a measured damping ratio r = 3 and σ = 1, using uniform priors in the
ranges ζ ∈ [1.1 − 10] and l/R ∈ [0.01 − 2]. (c) Joint two-dimensional
posterior distribution for the two inferred parameters. The light and dark
grey shaded regions indicate the 95% and 68% credible regions, respec-
tively.
for three particular values (see Figures 3c and d). We find that
damping ratios slightly larger than one do not enable us to con-
strain the unknown parameters using this method (dotted lines).
Once the damping time is several times the period, e.g., r = 3,
well constrained distributions are obtained (solid lines). Finally,
larger damping ratios still enable us to constrain l/R, but the only
statement that can be made regarding the density contrast is that
low values are more plausible than larger ones (dashed lines).
In all our computations, with damping times of a few oscillatory
periods, short transverse inhomogeneity length scales are always
found as the most plausible ones.
Article number, page 3 of 5
A&A proofs: manuscript no. ms
Fig. 3. (a) and (b) Effect of different prior ranges with l/R ∈ [0.01, (l/R)max] on the marginal posterior for ζ and with ζ ∈ [1.1, ζmax] on the marginal
posterior for l/R. (c) and (d) Effect of three different damping ratio measurements on the inferred marginal posteriors. In all figures, σ = 1.
4. Conclusions
Seismology of transverse MHD kink oscillations offers a way for
obtaining information on the plasma density structuring across
magnetic waveguides. For resonantly damped kink mode oscil-
lations, the determination of the cross-field density profile from
observed damping ratios consists on the solution of an ill-posed
mathematical problem with two unknowns and one observable
In this study we have introduced a modified Bayesian
analysis technique that makes use of the basic definition of
marginal posteriors, which are obtained not by sampling the
posterior using a Markov Chain Montecarlo technique as in
Arregui & Asensio Ramos (2011), but by performing the re-
quired integrals over the parameter space once the joint prob-
ability is computed. This has led to a better understanding about
when and how the unknown parameters may be constrained.
The application of this technique for the computation of the
probability distribution of the unknowns enables us to draw con-
clusions about the most plausible values, conditional on ob-
served data. The procedure makes use of all available infor-
mation and offers correctly propagated uncertainty. Considering
typical ranges for the possible values of the unknown parameters
we find that, for damping times of a few oscillatory periods, low
values for the density contrast are favoured and larger values of
this parameter become less plausible. Regarding the transverse
inhomogeneity length scale, short values below the scale of the
tube radius are found to be more plausible than larger length-
scales near the limit for fully non-uniform tubes.
The procedure described here can be followed to obtain the
most plausible values for the two unknowns that determine the
cross-field density profile in coronal waveguides, upon assum-
ing resonant absorption as the damping mechanism operating in
transverse kink waves, and conditional on the observed damping
ratios with their associated uncertainty.
In contrast to Arregui & Asensio Ramos (2011), who used
two observables to determine three unknowns, we use one ob-
servable to determine two unknown parameters. The reason why
we left out the Alfvén travel time is because of our interest on the
cross-field density profile that is determined by ζ and l/R. The
same technique presented in this study can be used by increasing
by one the number of observables/unknowns.We have found that
this leads to similar posteriors for ζ and l/R, with the additional
information on the Alfvén travel time being also available.
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